SIAM J. Sc1. COMPUT. © 2003 Society for Industrial and Applied Mathematics
Vol. 25, No. 3, pp. 815-831

PRECONDITIONING METHODS FOR LOCAL DISCONTINUOUS
GALERKIN DISCRETIZATIONS*
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Abstract. A multilevel interior penalty method is used as an efficient preconditioner for the
Schur complement of the local discontinuous Galerkin (LDG) discretization of a Poisson problem.
The method is then used in a block-triangular preconditioner of the LDG saddle point system. The
block preconditioner is of the same efficiency as the Schur complement version. Finally, the block
preconditioner is extended to the discretization of the Stokes problem by the LDG method. Again, the
preconditioned saddle point problem can be solved in about as many steps as the Schur complement.
The influence of several parameters on the performance of these methods is investigated.
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1. Introduction. In [9, 11] and [14], the local discontinuous Galerkin (LDG)
method was introduced and analyzed by Cockburn et al. for Poisson and Stokes
equations, respectively, in primal mixed form. In this paper, we address the problem
of solving the arising finite dimensional systems of equations efficiently. To this end, we
extend to these systems the multilevel preconditioner for the interior penalty method
developed in [20]. First, it is applied directly to the Schur complement of the LDG
scheme for the Laplacian operator. Then, we show that the solution of the whole
saddle point system can be achieved efficiently by using the block preconditioners
suggested in [24, 26]. We restrict ourselves to the self-adjoint case, where the spectrum
of the Schur complement is real and positive.

Since discontinuous Galerkin methods have been applied to elliptic second order
partial differential equations (see, e.g., [28, 1, 5, 17], the review [15], and the collection
[16]), efficient solution methods for arising discrete systems are required. If Krylov
space solvers like the conjugate gradient method or GMRES are applied, their per-
formance is limited on finer grids by the fact that the eigenvalue distribution of the
matrix associated with the discretization causes the number of iteration steps to be
of order 1/h at least, where h is the diameter of the smallest grid cell (cf. Saad [27]).
Therefore, we are looking for uniform preconditioners, that is, preconditioners yielding
a condition number independent of the mesh size.

Recently, a multilevel approach for the interior penalty method (see Arnold [1])
has been proposed by Gopalakrishnan and Kanschat [20]. In [2], Arnold et al. showed
that those discontinuous Galerkin methods for elliptic problems, which can be ex-
pressed solely in the primal variable, lead to equivalent bilinear forms. These results
are exploited here to obtain a uniform preconditioner for the Schur complement form
of the standard LDG method.

The discrete system produced by the LDG method has saddle point form, where
the upper left block is the mass matrix. Klawonn [24] and Murphy, Golub, and

*Received by the editors July 4, 2002; accepted for publication (in revised form) May 2, 2003;
published electronically November 21, 2003.

http://www.siam.org/journals/sisc/25-3/41065.html

TInstitut fiir Angewandte Mathematik, Universitit Heidelberg, Im Neuenheimer Feld 293/294,
69120 Heidelberg, Germany (kanschat@dgfem.org).

815



816 GUIDO KANSCHAT

Wather [26] consider a general framework for preconditioning saddle point problems,
which has been applied successfully to stable, conforming discretizations of Stokes and
Oseen equations by Elman, Silvester, and Wathen in [18]. We will use this approach to
extend the multilevel preconditioner in [20] to the saddle point matrices arising from
the LDG discretization of Poisson equations [17, 9, 11] and Stokes equations [14, 12].
In the Poisson case we obtain a sharp estimate on the spectrum of the preconditioned
matrix.

Castillo [7, 8] uses ILU decomposition for preconditioning of the LDG method. In
this case, the number of iteration steps cannot be bounded independently of the refine-
ment level unless unreasonable fill-in is allowed during ILU decomposition. Therefore,
the results here improve on his. Uniform domain decomposition preconditioners for
the interior penalty method have been proposed in [19, 25]. These should yield uni-
form preconditioners for the LDG method as well as for the multilevel method we
propose by the arguments of section 4.

This paper is organized as follows. After introducing some notation in section
2 and the LDG method in section 3, we investigate the preconditioner of the Schur
complement in section 4. This is then extended to the LDG saddle point system in
section 5. Finally, Stokes equations are considered in section 6.

Computational results were obtained using the deal.II library for finite element
computations (see [4, 3]).

2. Notation. Let Q be a domain in R%(d = 2,3) with boundary 9Q. Ty, ¢ =
0,...,L, is a family of quadrilateral or hexahedral subdivisions of €2 such that the
cells of Ty41 are the result of refinement of the cells of Ty,. For simplicity, we will
assume that Q = Uper, 7

The grid parameter hy is the piecewise constant function defined on each grid
cell T € Ty as hylr = diamT. We will assume that the coarse grid Ty is quasi-
uniform; that is, there exists a (moderate) constant ¢ such that maxhy < cmin hg.
Furthermore, we assume shape regularity. If refinement is local, we assume that the
mesh is one-irregular; that is, the refinement levels of two adjacent grid cells differ at
most by one.

For functions u,v € L?(Q), we introduce the scalar product

(u,v)m = Z / u(z)v(z) dx
Ter, /T
in order to define the broken Sobolev space
H'(Ty) :={ve L>(Q|VT € T¢: vy € H(T)}
and its seminorm

|U|H1(Tg) = (Vv, VU)T[

By Ey, we denote the set of edges (edges will always mean surfaces in three dimensions)
of the triangulation T,; Ej, Ef are the subsets of interior edges and edges on the
Dirichlet boundary, respectively. We define the bilinear form

<u,v>Ee = Z /Eu(x)v(a:) ds for u,v € L? (UE € EgE).

FE€E,
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On the reference cell Ty = (—1,1)¢, we introduce the space of tensor product
polynomials of degree p,

d

0= {at0 = [T oo

=1

¢, is a polynomial of degree at most p}.

Each grid cell T is represented as T' = Up(Ty), where Ur is a d-linear mapping defined
on the reference cell. The space of mapped tensor product polynomials on the cell
T is Q,(T) = Q, o U.'. Using these local shape function spaces, we define discrete
spaces X7 C H'(T,) by

(2.1) X ={ve L2 (VT € Ty:v|lr € Qp(T)}.

For fixed p, we will drop the index p if no confusion arises. We choose a basis of
X7 by selecting the Lagrangian interpolation polynomials with respect to equidistant
support points as a basis {¢(1)}i:1w’(p+1)d for Q, on Tj and letting

(2.2) X} = span U {¢(T7i)}i:1,..‘,(p+l)d7
TeT,

where ¢(T") = ¢() o W', The coordinate vector of a function u € X} with respect
to this basis will be denoted by @ and u(z) = > 7, i, (x). We remark here
that the choice of a Lagrange basis is rather arbitrary. In fact, when we choose a
Legendre basis, mass matrices are diagonal on the reference cell. Since this advantage
is maintained on affine quadrilaterals only and our operators include mass matrices
with weight functions, we did not pursue this option.

Functions in H*(T,) and X7 can be considered multivalued on the interior edges
E € Ej. In order to define the bilinear forms, we introduce single valued numerical
fluxes depending on u on the edge. First, we fix an orientation for F by denoting the
two normal vectors by n™ and n™. Accordingly, for any point x € E,

+ = i +
u'(x) : El\rjrg)u(a:—hsn ),

u” (x) = ?{I}) u(x +en™).

The numerical fluxes are defined in terms of mean values

ut +u”

fu} = 5

and of jump terms. For any function { and any operator ®, we define the jump

[Con]:=¢"on" +( ©@n~
=" -¢)ont

These operators are independent of the choice of n™ by their definition and therefore
are uniquely defined on each edge. Furthermore, we define the scalar jump

[€]:=¢"—¢,

which will only appear squared in bilinear forms.
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3. The LDG method. In this section, we briefly review the LDG method
introduced and analyzed in [17, 9, 10, 11]. It is derived from the mixed formulation
of Poisson equation

c — vWu = 0

(3.1) o, -

in Q.

We assume Dirichlet boundary conditions on the whole boundary of €,
u=g on 0N).

Testing with a smooth function, integrating by parts on each cell, and inserting
numerical fluxes (&, @) yield the following discontinuous Galerkin formulation (see [9]):
Find (o,u) € HY(T)% x H'(T) such that, for all (7,v) from the same space,

(%J,T)TL + (U,V-T)TL — <ﬁ, [[T-H]])EL = 0,
(o, VU)TL — <&,[[vn]]>]EL (f,v)TL.

In the standard LDG method, these fluxes are chosen as

{u}, 6={o}—+[un] onE},
=g, 6=0—4(u—gm on EP.

(3.2)

(3.3) i
(3.4)

>

We introduce the bilinear forms

ar(o,7) = (%J, T),H.L,
br(o,v):=(-V-o, U)TL +{[o - n]],{{v]}>E7;La
cr(u,v) == (+[u], [[v]]}EiL + <%u,v>ELD

so that we can write (3.2) in the form (after integrating by parts again)

ar(o,7) — br(r,u) = Fr(r),
(3.5) bi(a,v) + ci(u,v) = Gi(v).

The linear functionals on the right-hand side are given by

Filr) = (9.7 n)gp.
Gr(v) = (f,v)Q + <g,v>EE.
The discontinuous Galerkin discretization is achieved finally by choosing o, 7 €
Y1 = (XP)? and u,v € Vi, = X¥ in (3.5). The choice of p/ = p and p/ = p + 1 yields
stable discretizations for any p > 1.

Developing o and u with respect to the basis (2.2), this yields the finite dimen-
sional, stabilized saddle point system

(3.6) Az =F

with
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Here, the entries of A, B, C, f, and ¢ are computed by applying the corresponding
form to the basis functions, that is, e.g.,

aris; = aL(¢™?,¢5D), fri = Fr(e™?).

In the following, matrices without level index are always on the finest level L.

Remark 3.1. The matrix A consists of two diagonal blocks which are both scaled
versions of the mass matrix. Since the discretization is discontinuous, these blocks
decouple further into smaller blocks consisting of scaled cell mass matrices for each
mesh cell. If we chose orthogonal polynomials on T’ (with respect to the weight 1/v),
A would be a diagonal matrix (see [8]). Finally, C is a positive semidefinite matrix
achieving a stabilization of the system.

Remark 3.2.  Due to the simple structure of A, it is possible to eliminate o,
completely from the discretization. However, a drawback in a general finite element
coding framework is that this involves second neighbor couplings between the cells
and that computation of matrix entries in this case is more complicated. Therefore,
we keep the stresses o in our discrete formulation.

An alternative choice of the numerical fluxes % and & on interior faces was analyzed
in [11] on Cartesian grids, the superconvergent LDG,

(3.8) Qs =up, 65=o0)—[un] onE},

where T and | denote the upwind and downwind values, respectively, with respect
to a certain vector field 3, . The fluxes at the boundary are still chosen as in (3.4).
This method yields an extra half-order of convergence for the stresses . The bilinear
forms b(.,.) and ¢(.,.) in (3.5) are replaced by

b(o,v) = —(V -0, v)TL + <[[U -], vysign(s - n)>]EiL,

&(u,v) == ([u], [[U]]>IEE + <%u,v>EE

with corresponding matrices B and C.
4. Preconditioning the Schur complement. Taking the Schur complement
of (3.6) yields the system
(4.1) Si = f,
S=BA'BT+C, f.=g§—-BA7f,

which is positive definite and symmetric for both choices of the fluxes (3.3) and (3.8).
Its related bilinear form will be denoted by

(4.2) sp(u,v) == a" Sv.

Remark 4.1.  The evaluation of the Schur complement is particularly simple
since the matrix A can be inverted explicitly in a preprocessing step and does not
require an iterative solution.

In the following, we will use a preconditioner for a discretization of Poisson’s
equation using the primal variable v only, namely the interior penalty method [1]. Its
weak formulation on grid level £, £ =0, ..., L, reads as follows: Find u € V} such that

ag(u,v) = (vVu, Vv)TZ + <Vﬁ[[u]], [v] >1Ee — (v{Vu}, [[vn]]>EZ — (v[un], {Vv}}>m
=(f,v) YveV.
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This bilinear form is positive definite and symmetric as soon as & is sufficiently large
(by an inverse estimate), and its matrix will be denoted by A,. In [20], a multi-
level preconditioner 15@, {=0,...,L, was developed for this discretization. Given a
smoothing method G, on level ¢ and a restriction Ry : XfH — Xf (which is the L?
projection here), this method reads as follows.

AvcoritaM 1. Set G = Gy if i is odd and G = GT if i is even (G¥ is
the transpose of Gy). Also set 20 = 0 and f’o = ;151. For / > 1 and any vector
dy € RN, Pyd; can be computed by the following four steps, assuming that Pp_y is
already defined:

1. Compute ! for i = 1,...,m(f):

ot =2 4 GYT O (g, - A,

2. Set ym(Z) = gm0 4 Rgﬁlpg_le_l(dg — /Ig:l?m(e)).
3. Compute y* for i =m(f) +1,...,2m(¢):

yi = yiil + Géi+m(6))(d5 — fvl[yiil).

4. Set Pgdz = y2m(€).

Due to Theorem 3.1 in [20], the preconditioned matrix PpA; is Ap-symmetric,
and its condition number is bounded independently of the grid level L if the smoothers
G are of Jacobi or Gauss-Seidel type and m(¢) = 2¢~* (variable V-cycle). This fact
is established by the estimate

(43) CpéL(ua U) S dL(pLALua u) S OpéL(uv U)

with constants ¢, and C), independent of the mesh size function h. Based on this
result, we obtain the following.

LEMMA 4.1. The multilevel interior penalty preconditioner Py defined in Algo-
rithm 1 is a uniform preconditioner for the Schur complement of the LDG method
with standard fluzes (3.3); that is, there are constants ¢ and C independent of the
refinement level L such that

esp(u,u) < sp(PpSu,u) < Csp(u, ).

Furthermore, the preconditioned matrix PrS is S -symmetric.
Proof. In [2] the spectral equivalence estimate

(4.4) csap(u,u) < sp(u,u) < Csap(u,u)

was shown to hold for the standard flux (3.3). Inserting @ = AZISu into (4.3) and
combining the result with (4.4) yield (cf. [6, Lemma 3.1])

(4.5) C—psL(u,u) < sp(PpSu,u) < &sL(u,u).
Cs Cs

Therefore, the preconditioner is uniform. S-symmetry follows from the symmetry of
P (cf. [20)). O

We now continue showing numerical experiments assessing the performance of
this preconditioner depending on the parameters of the two methods.

Let us first describe the test framework. In all cases, the start vector of the
iteration is the zero vector. Unless stated otherwise, we solve (3.1) on the unit square
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TABLE 1
Convergence of cg iteration for the preconditioned standard LDG Schur complement, Q2,k = 8.
The preconditioned interior penalty method is shown on the right for comparison.

Variable V-cycle V-cycle (2) 1P, var. V-cycle
L conds PLSL nio t10 conds ]BLSL nio t10 conds IBLAL nio t10
1 8.36 19 — 6.45 18 - 2.15 10 -
2 7.94 27 - 7.01 25 - 2.13 18 -
3 8.47 29 - 7.50 27 - 2.14 19 -
4 8.70 29 - 7.69 28 - 2.14 19 -
5 8.72 29 - 7.65 28 - 2.14 19 -
6 8.75 30 32 7.70 28 40 2.14 20 23
7 8.75 30 148 7.71 28 172 2.14 20 101
8 8.75 29 607 7.71 28 728 2.14 21 433

(—1,1)? with v = 1. The grid on level 0 consists of a single cell; therefore h = 217L.
The right-hand side f is chosen such that u(x,y) = e*e¥. Therefore, the start residual
is not in a special subset of eigenspaces of the operator. An outer conjugate gradient
iteration is preconditioned by the multilevel preconditioner with either 2-~¢ (variable
V-cycle) or 2 (V-cycle) smoothing steps on level ¢, where L is the level of the finest
grid. We use a block Gauss—Seidel smoother in the symmetric way described in
Algorithm 1. The blocks are the cell-matrices with lexicographic ordering of the grid
cells. This block version of the smoother has been shown to be superior to the point
version in [21] for higher order polynomials. In fact, the point version degenerates
dramatically if p grows, while the block version still yields good preconditioners.

First, we present results for the standard fluxes (3.3) and (3.4). In Table 1,
we show convergence results for biquadratic polynomials. Let us give some brief
comments on the numbers given in the table:

e The condition number condy PrS of the preconditioned matriz, computed as
the condition number of the Lanczos matriz after the last cg-step. This num-
ber is mostly of theoretical interest since it is only indirectly related to the
numerical effort. Its dependence on the penalty parameter x of the precon-
ditioner is very clear.

e nyg, the number of steps needed to reduce the residual by 10'°. This number is
independent of the implementation, but it can be misleading if precondition-
ers with different complexity are used. Therefore, we include t1o described
next.

e tyg, the time to achieve this reduction. This is the number that really matters,
but it is highly dependent on the implementation. We use sparse matrices
provided by the deal.II library (see [3]) for all operators involved (stiffness
matrix, prolongation and restriction operators, smoothers); therefore the nu-
merical efficiency in all the different steps of the algorithm should be fairly
balanced. The results have been obtained on SUN SPARC Ultra II1 750 MHz
processors. Times smaller than 10 seconds are not displayed, since they are
not sufficiently accurate.

In Table 1, we see that all condition numbers and iteration counts are indeed
bounded independently of ¢. Furthermore, the bounds are of moderate size. There-
fore, this preconditioner actually can be recommended for real computations. Al-
though the variable V-cycle with one smoothing step on the finest level needs slightly
more iterations, it is superior to the simple V-cycle with two smoothing steps on each
level if computation times are compared.
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Fic. 1. Condition numbers conds PS of the preconditioned standard LDG Schur complement
for different polynomial degrees.

TABLE 2
Convergence of cg iteration for the preconditioned superconvergent LDG Schur complement

(Q2,k =8).

Variable V-cycle V-cycle (2)
L conda pLSL n1o ti0 condsg pLSL n1io tio
1 18.24 22 - 16.96 22 —
2 20.94 38 - 18.56 37 —
3 23.42 49 - 20.40 44 —
4 24.98 50 - 22.11 46 -
5 25.90 51 — 22.97 46 10
6 26.37 51 52 23.40 46 62
7 26.62 51 246 23.62 46 282
8 26.74 50 1021 23.73 45 1155

In Figure 1, we show the condition numbers conds PS (on a fine grid) for different
polynomial degrees. The minimal possible stabilization parameter x increases with
the polynomial degree. On the other hand, the condition numbers depend only weakly
on the polynomial degree if & is fixed.

In Table 2, we show performance results for the Schur complement matrix S =
BA~'BT1C of the superconvergent LDG method with interior fluxes defined in (3.8).
No spectral equivalence of S with A has been proven. Still, numerical evidence shown
here suggests that Py is a uniform preconditioner in this case, too. This method
requires about 60% more iteration steps than the standard method, while the com-
plexity per step is the same (an optimal implementation could reduce the number of
matrix entries slightly, due to the upwind fluxes).

Since the standard LDG already requires much more numerical effort than the
interior penalty method (about 20 steps with only one matrix operation instead of
seven for the LDG in two dimensions), we have to include the accuracy of the dis-
cretization in the comparison of these three methods. The following discussion should
give a hint about which method to choose and when. For the results in Figure 2, the
linear system was solved down to a residual norm of 10713, Then, for each method,
solution time is plotted over the L2-norm of the error of the solution u itself (left) and
of its derivative o (right), respectively. Here, the derivatives of the interior penalty
solution are simply computed inside the cells. The figure shows that the interior
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F1G. 2. Performance of the different DG methods.

Fic. 3. Distorted grid and locally refined meshes.

penalty method is faster than the standard LDG by a factor of 2 if only the solution
u is considered. In this case, the superconvergent LDG is slower by far. On the other
hand, if derivatives are important, the picture is simply reversed. Superconvergent
LDG is fastest due to its half-order gain in accuracy, followed by standard LDG.
Therefore, a decision from among these three methods can only be made according
to the quantities that have to be simulated accurately.

We finish this section by showing numerical experiments for the variable V-cycle
on non-Cartesian grids. First, we generate meshes with hanging nodes by refining
only the positive quadrant of the unit square. The remaining cells are refined such
that each edge of a cell is divided at most once (hence asserting that the diameters of
two adjacent cells differ only by a fixed factor, as required in [9]). Meshes with finest
levels 2, 3, and 7 of this sequence are displayed in Figure 3. Smoothing on level / is
performed on cells belonging to this level in the grid hierarchy only (see the section
on smoothing on subspaces in [6] and [22]). Table 3 shows that the condition numbers
and iteration counts are hardly affected by the existence of hanging nodes.

Finally, we show results for the distorted grid on the left of Figure 3 and its glob-
ally refined versions in Table 4. This mesh was used in [23] to avoid superconvergence
of the interior penalty method and to exhibit optimality of the derived L*°-error es-
timate. Due to the distorted grid cells, the penalty parameter x had to be chosen
larger than on the Cartesian meshes, yielding higher condition numbers and iteration
counts. Still, the preconditioner turns out to be uniform.

5. Preconditioning the LDG saddle point system. Instead of applying
conjugate gradient iteration to the Schur complement of the LDG method, we can
solve the original mixed system with GMRES or MINRES iteration. Then, we need
a preconditioner for the mixed system (3.6). We construct this preconditioner using
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TABLE 3
Performance of preconditioned cg on locally refined grids (Q2,k = 8, variable V-cycle).

Standard Superconvergent
L | conds Pr.S;, nio | conds PLS;, mio
2 8.29 28 24.39 42
3 8.54 28 25.87 50
4 8.81 29 27.67 51
5 8.73 29 28.71 52
6 8.90 29 29.24 52
7 8.87 29 29.51 52
8 8.91 30 29.65 52
TABLE 4

Performance of preconditioned cg on distorted grids (Q2,k = 14, variable V-cycle).

Standard Superconvergent
L | conds Pr.S;, nio | conds PLS;, mio
1 19.96 44 52.45 66
2 23.23 46 59.67 70
3 25.26 49 63.82 72
4 25.73 50 67.19 72
5 26.31 51 68.78 70
6 26.46 51 69.55 68

the result in [26] which states that

By 626"

If we could compute the inverse on the left, the spectrum of the matrix would consist
of the single value 1, and Krylov-space methods would converge in very few steps.
Since the computational effort for this procedure is too high, we replace the inverse
of the Schur complement by the preconditioner Py, of the previous section,

A 0

where v, > 0 is a tuning parameter.
LEMMA 5.1. The matriz AP~ has only real eigenvalues, and its spectrum is

(5.2) o(AP™Y) = (v, PS) U {1}.

Proof. The proof is a modification of the proof of Lemma 3.1 in [24]. Instead of
computing the spectrum of AP~!, we consider the transpose system and solve the
generalized eigenvalue problem

ATz = \PTe,
or, splitting into components,
(5.3) A+ BTi = MG + ABTi,
' -BG + Cu = Mg Pl

If A =1, the first equation is void. In this case, we search for a nontrivial solution to
—B&+ (C -~ tPpYYa =0,
| SR —

=:C
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TABLE 5
Comparison of GMRES for the complete system and the Schur complement (Q2, variable V-
cycle, v, = 1).

Standard version Superconvergent Standard version 3D

LDG system | Schur compl. | LDG system | Schur compl. | LDG system | Schur compl.
£ | nio t1o n10 t1o n10 t10 n1o t10 n10 t10 n1o0 t10
1 21 - 19 — 23 - 22 - 30 - 27 -
2 31 - 27 - 41 - 38 - 37 - 32 -
3 32 - 29 - 56 - 49 - 40 54.2 35 40.3
4 33 - 29 - 58 - 50 - 41 552.5 36 378.6
5 33 - 29 - 58 16.3 51 -
6 33 46.7 29 33.6 58 85.2 51 52.3
7 33 231.4 29 151.1 57 424.4 51 245.7
8 33 1049.3 29 649.5 57 1935.2 50 1020.6

which is an eigenvector to the eigenvalue 1. If C is singular, choose a nonzero pair
(7,1) € ker B x ker C' arbitrarily. If C is regular, choose ¢ # 0 arbitrarily and

% := C~1B&. Therefore, A = 1 is an eigenvalue.
For X\ # 1, we compute the Schur complement of (5.3), namely,

S = (BAT'BT + C)i = M\ Py

Multiplying by VUIBL from the left, we see that A is an eigenvalue of 'yu]f’LS and o
its associated eigenvector. Finally, the eigenvalues of AP~! are equal to those of
P-TAT. O

Remark 5.1.  Since the matrix AP~! is not normal, convergence results for
Krylov-space methods cannot be applied solely based on the previous lemma. In [24],
normality of the matrix is established with respect to another symmetric and positive
definite matrix. Unfortunately, the theoretical results yield a number of iteration steps
growing like O(27), a growth not observed in the numerical computations below.

Since the preconditioned matrix AP ~! is nonsymmetric, we apply GMRES iter-
ation and compare it to GMRES applied to the preconditioned Schur complement.
The setup of the test calculations is the same as in the previous sections. The re-
sults in Table 5 show that solving the mixed system directly requires only a few more
steps than solving for the Schur complement only. This observation holds even if
we compare the results to those obtained with the conjugate gradient method in Ta-
ble 1. Still, the computation time for the system is considerably longer due to the
fact that vectors are three times as long for the system. The last column shows re-
sults for three-dimensional computations, where we obtain similar results. We remark
again that the Schur complement iteration is competitive only, because the inverse
of the mass matrix A in the Schur complement is very easily computed exactly in a
preprocess such that A~15 is a simple matrix-vector multiplication.

The tuning parameter v, serves to shift the spectrum of PrS (see the spectra
in Figure 5) with respect to the additional eigenvalue 1 of the system. Figure 4
exhibits that the convergence speed of the preconditioned GMRES method is rather
insensitive to v, within a wide range. This is expected from Lemma 5.1 since the single
eigenvalue 1 does not critically influence the convergence of Krylov- space methods,
even if isolated. Still, the introduction of a scaling will be important for solving Stokes
equations below.

6. Stokes equations. In this section, we conclude by demonstrating that the
preconditioning scheme of the previous section can be extended to a uniform
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FiGc. 4. GMRES steps for the standard LDG system depending on the scaling factor 7., .

preconditioner for Stokes equations. Again, we consider the equations in mixed form

gj - V’LLJ' = 0, jzl,...,d,
(6.1) V.o - Vp = f
V-u = 0.

The “stress” variable o is a tensor in the Stokes case and o; is its jth column. Fur-
thermore, u; is the jth component of the vector u.

The finite dimensional system of (6.1) considered here occurs from the discretiza-
tion derived in [14]. It is a vector valued version of (3.2), augmented by a similar
discretization of the incompressibility constraint. The bilinear form of the LDG dis-
cretization of Stokes equations reads

G’L(Uj77—j> - bL(Tj,Uj) - FL;j(Tj>7 ]_17 7d7
(6.2)  br(oj,v;) + co(uj,v;) + drj(p,v;) = Grj(vy), Jj=1,....4,
dr(gq,u) + ewlpqg = H(q).

Here, ar(.,.), br(.,.), and c(.,.) are the forms in (3.5), and the additional forms are
defined by

disj(p,v) = (9505,0) 7, = ([vins] P}, -
d
(63) dL(p7v) = ZdL;j(pa Uj)v
=1
er(p,q) := (help], [[q]]>EiL-

With matrices D and E being the matrices associated with the forms dg(.,.) and
er(.,.) as A is associated to ar(.,.) in (3.7) and

A B
Ay = and By = ,
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F1G. 5. Envelopes of the spectra of the preconditioned LDG Schur complement for Poisson (left)
and Stokes (right) equations.

where the dots indicate d repetitions, the resulting linear system has the form

Ay —BY i F
(6.4) By C; -DT il=|¢c
D E) \p H

=:Ag

The condition number of the Stokes Schur complement S, = DS™'DT + E is
independent of the mesh parameter (see [13]). Therefore, the mass matrix is a uniform
preconditioner for the Schur complement of the system Ag.

This proposition is verified in Figure 5 on the right for bilinear and biquadratic
polynomials. The bars are envelopes of the spectrum of the Stokes Schur complement
preconditioned by the mass matrix. On the finer grids, they exhibit a condition
number in the order of magnitude of 100. This corresponds to about 110 conjugate
gradient steps to reduce the error by a factor of 10'°. The bars on the left show the
envelopes of the spectrum of the preconditioned LDG system for comparison. The test
solution we employed here is again u(z,y) = e*e? on the unit square, and the right-
hand side f in (6.1) is chosen accordingly. Furthermore, we choose an inhomogeneous
right-hand side in the third equation of (6.1) to account for the nonzero divergence
of u.

Following [26] again, we derive the preconditioner

Aq
(6.5) Ps=|By, P!
D ~y'M

for the complete system A;. Again, we introduced an additional tuning parameter
v. The parameter v, in the preconditioner P was set to 1 due to the results of the
previous section.

Remark 6.1. A theoretical estimate of the convergence speed can be derived
through Theorem 3.8 in [24]. Theorem 3.5 of that article can be applied to the precon-
ditioner (6.5) and yields a condition number of the preconditioned system independent
of L. Since the preconditioned matrix is not normal, the resulting number of GMRES
iteration steps can only be bounded by O(1/h). As already remarked in [24], this
increase is not observed in practice.



828 GUIDO KANSCHAT

256

128

64 : ‘
0.01 01 1 10

FiG. 6. Iteration steps depending on the pressure scaling -y.

TABLE 6
Performance for the preconditioned Stokes Schur complement (cg) and the Stokes system
(GMRES).

Schur-cg System-GMRES

L | nio t1o n1o tio

2 37 - 70 -

3 62 33.8 79 -

4 71 195.6 84 23.8

5 76 1053.9 80 122.0

6 76 6038.4 81 633.3

7 82 3107.4

Figure 6 shows that the Stokes preconditioner is indeed sensitive to . Further-
more, v = 1 is not optimal, and about 1/3 of the iteration steps can be saved by
choosing « appropriately for bilinear elements. Graphs are displayed for different
polynomial degrees on the unit square as well as for a channel with backward facing
step of length 6. While the optimal v depends on the polynomial degree, it seems
nearly independent of the geometry. In Table 6, we compare the performance of the
conjugate gradient method for Mp_lSp with GMRES for PglAs. The results are for
Q2-polynomials and v = 0.03. Computation times for the Schur complement are much
higher, since the evaluation of .S}, requires a complete solution of a Poisson problem.
This must be performed with high accuracy in each step to obtain reliable results at
all. Since the outer iteration count is not much larger for the preconditioned system,
it beats the Schur complement clearly with only one variable V-cycle per iteration.
Table 7 shows results for three-dimensional problems and polynomial spaces @)1 and
Q2. Again, the iteration counts are bounded independent of the grid level.

The preconditioner of (6.5) can be modified by applying the velocity Schur com-
plement preconditioner P several times to the mixed Poisson problem. This yields
the following algorithm for P,,.

ALGORITHM 2. Given an input vector (7,v,q) and start vector 0,

1. perform a fixed number m of stationary iteration steps

(k)= ()7 (s ) () -(2),

using the preconditioner P in (5.1) for t = 1,...,d.
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TABLE 7
Solution of the three-dimensional Stokes system with GMRES.

L | nio, Q1,k=4 | nio, Q2,k =38
1 60 153
2 114 258
3 172 294
4 202 312
5 206 -
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Fia. 7. Iteration steps and time depending on the pressure scaling v and number of velocity
V-cycles.

2. let the result of the preconditioning step be given by

o= 0,7”7

u=u",
p=M"1! (q—ZDﬂLZ").

An algorithm of this type is suggested for Oseen equations in [18]. Here, we only
compare versions with different m for the simpler case of Stokes equations. Figure 7
shows the number of iteration steps and the computation times for different m in the
algorithm above. For optimal ~, the version with m = 1 needs only a few steps more
than the others. In fact, since the preconditioner for the Poisson part is much better
than the one for the Stokes Schur complement (see Figure 5), we do not expect much
effect from improving it. Due to the larger effort per preconditioning step, computa-
tion times are higher for the versions with higher m. On the other hand, increasing
the iteration steps for the Poisson operator seems to diminish the dependency of the
number of iteration steps on the pressure scaling . Therefore, increasing m may be
advisable in more complex situations, where stability issues arise.

7. Conclusions. We applied the multilevel interior penalty method successfully
as a preconditioner to the Schur complement of the LDG method. It was shown to
be of optimal complexity as well as reasonably efficient for the standard version as
well as for the superconvergent LDG method. Our results suggest that a spectral
equivalence result similar to the one in [2] for the standard method may also hold for
the superconvergent scheme; proof of this conjecture will be a subject of future work.

Using a general framework for preconditioners of saddle point systems, we showed
that the same technique can be applied successfully to the saddle point system of
the LDG method. Here, the preconditioned system has the same eigenvalues as the
preconditioned Schur complement plus the additional eigenvalue 1.
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Finally, the same ideas yielded a uniform preconditioner for Stokes equations.
There, the performance is restricted mostly by the quality of the pressure Schur
complement preconditioner, and more research has to be conducted in that direction.
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