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Problem 10.1: A posteriori error analysis for general smooth, symmetric coefficients cont.

Let Q C R? be a bounded, convex, polyhedral domain and let V = H} (). Let a;; € C™ (Q) fori,j = 1,2,...,d be
symmetric coefficients (a; ; = a; ;) such that for all & € (2 the coefficient matrix A(x) = [a; ;(z)] satisfies
T A(x)E > Cpl¢)? forall € e RY.
Consider the bilinear forma : V x V — R given by
d
a(u,v) = Y /Q ai () dyu(x)d;v(x) de
ij=1

and define the corresponding energy norm on V by

ully = llull, = Va(u,u).
For f € V*, the variational equation corresponding to the above bilinear form is to find « € V such that

a(u,v) = f(v) forallv e V. (10.1)

Further, let {V}, } 1,0 be a family of conforming finite element spaces each defined on a shape regular mesh T, and let P, (T) C
Vi|r forall cells T € Ty,.

(a) Letalso T}, be locally quasi-uniform. Formulate and then prove an estimate of the form (2.89) from Lemma 2.3.12 in the
notes.

Hint: Recall from the previous class that for v, w € V the strong form of the residual is
a(Rv,w) = Z / rr(v)wde — Z / 2{{n - AVu}lwds, (10.2)
TeT, * T reri 7 F
where rp(v) == f + V- (AVw), and we proved that for v € V the weak residual satisfies

lu =vll, = [[Rvll, = sup [a(Ro,w)|. (10.3)

lwll,=1

(b) As in Definition 2.3.15, define the residual based error estimator 7,5 for (10.1).
(¢) Formulate and then prove an estimate of the form (2.95) from the notes for (10.1) and the energy norm.

(d) Formulate and then prove an estimate of the form (2.96) from the notes for (10.1) and the energy norm.



